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Abstract
A strict proof of equivalence between Duffin-Kemmer-Petiau (DKP) and
Klein-Gordon (KG) theories is presented for physical S-matrix elements
in the case of charged scalar particles interacting in minimal way with an
external or quantized electromagnetic field. First, Hamiltonian canoni-
cal approach to DKP theory is developed in both component and ma-
trix form. The theory is then quantized through the construction of the
generating functional for Green functions (GF) and the physical ma-
trix elements of S-matrix are proved to be relativistic invariants. The
equivalence between both theories is then proved using the connection
between GF and the elements of S-matrix, including the case of only
many photons states, and for more general conditions - so called reduc-
tion formulas of Lehmann, Symanzik, Zimmermann.
1 Introduction
More than 60 years ago G. Petiau [1], R Duffin [2] and N. Kemmer [3]
proposed the first order equation (DKP equation) for descripition of spin
0 and 1 particles. This period of time is conventionally divided in three
periods: the first one from 1939 until, aproximately 1970; the second from
1970 to 1980 and the last one from1980 on.
During the first period the majority of the papers about DKP equation
was devoted to the development of DKP formalism and to the investigation
of DKP charged particles interaction with eletromagnetic field (EM field).
For many classes of processes (such as QE of spin 0 mesons, meso-atom and
1Permanent address: P.N. Lebedev Institute of Physics, Moscow, Russia.
2others) calculations based on DKP and KG equations yield identical results
[5], including one-loop corrections [4, 5, 6]1.
A very important contribution to the understanding of this question was
made by A. Wightman in his paper [10] devoted to the 70th birthday of
P. A. M. Dirac in 1971. He showed that, for minimal coupling with EM
field (∼ eψβµψAµ) in DKP theory, one has stability of DKP equation for
spin-0 particle under smooth local pertubation of external field or, express-
ing in another way, that the retarded character of DKP equation solutions
is conserved under such pertubation as well as in Dirac equation without
anomalous magnetic moment.
The instability of such sort has been discussed by G. Velo and D. Zwanziger
in [11], where they showed that it destroys causality in Rarita-Swinger equa-
tion for spin 3/2 particles (in external field).
The central point of the proof by A. Wightman is: the retarded character
of solution is connected with the renormalizability of the theory in the case
of interaction with a quantized EM field.
The second period can be characterized as by some disappointments
and hesitations. By this time two great discoveries had been made: parity
violation and creation of unified theory of eletro-weak interaction (Weinberg-
Salam theory or Standard Model). The question about the equivalence of
both DKP and KG theories arises again at the attempts to describe new
processes. Many works (see references in [8]) have been made applying
DKP formalism to decays of K and other unstable mesons and to strong
interaction. The conclusion presented in reference [8] was not optimistic:
DKP formalism in some cases yield different results from a second order
formalism2.
The third period goes under the sign of uncertainness: are both DKP
and KG equivalent or not? Not so many papers have been published on this
theme. In our opinion one of main reasons for the decrease of interest in
DKP formalism in the last period is the conclusion about nonequivalence
between DKP and KG theories3.
We believe that the equivalence between these theories in the case of
nonstable particles can be proved as well as for all processes which are
1A rich list of references with historical comments can be found in reference [8]. Unfor-
tunately in this work there are no references to the works by I. Gelfand and A. Yaglom,
who obtained the first order equation for particles with fixed arbitrary spin. For references
to these and others works see [9].
2Moreover, in work [12] it is affirmed that DKP theory gives for K meson decay qual-
itatively different results when compared to KG-formalism
3See section 5; Conclusion, point 5.
3described by renormalizable theories. This question, however, goes beyond
the scope of this paper.
As we know there are no strict proof of the equivalence between DKP and
KG theories in Quantum Electrodynamics of spin 0 particles, too. Coinci-
dent results have been obtained for many processes in first order pertubation
theory, one loop corrections and the infrared approximation [5, 6, 7].
The main goal of this paper is to give a strict proof of the equivalence
of DKP and KG theories for charged scalar particles interacting with an
external or quantized EM field in minimal way for physical matrix elements
in any order of pertubation theory.
In section 2 Hamiltonian canonical approach to DKP theory is developed
in component and matrix forms. The construction of generating functional
of Green function (GF) of DKP theory is used for quantization of the theory
and the physical matrix elements of S-matrix are proved to be relativistic
invariants.
In section 3 the equivalence of DKP and KG theories is proved for phys-
ical matrix elements utilizing the connection between GF and the elements
of S-matrix, including the case of only many photons states. In section 4 the
equivalence of both theories is shown in the more general framework con-
dition - so called reduction formulas of Lehmann, Symanzik, Zimmermann
[13].
In section 5 we shortly discuss the basic results and questions about
construction of renormalizable DKP theory for spin 0 particles.
The appendix contains some proofs.
2 Canonical Quantization
2.1 Hamiltonian approach in component form
Our aim is to construct the Hamiltonian for DKP theory which is one with
constraints due to degeneration of β matrices first we will work in component
representation. The Lagrangian density is
L = ψ (iβµDµ −m)ψ (1)
where Dµ = ∂µ − ieAµ; ∂µ = ∂∂xµ ; gµν = diag {1,−1,−1,−1}. Primarily
one considers Aµ as an external EM field. We choose the βµ matrices in the
4following form:
β0 =
∣∣∣∣∣∣∣∣∣∣
0 i 0 0 0
−i 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣
; β1 =
∣∣∣∣∣∣∣∣∣∣
0 0 −i 0 0
0 0 0 0 0
−i 0 0 0 0
0 0 0 0 0
0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣
β2 =
∣∣∣∣∣∣∣∣∣∣
0 0 0 −i 0
0 0 0 0 0
0 0 0 0 0
−i 0 0 0 0
0 0 0 0 0
∣∣∣∣∣∣∣∣∣∣
; β3 =
∣∣∣∣∣∣∣∣∣∣
0 0 0 0 −i
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
−i 0 0 0 0
∣∣∣∣∣∣∣∣∣∣
(2)
ψα = (ψ
∗η)α =
(
ϕ∗, ϕ∗0,−ϕ∗1,−ϕ∗2,−ϕ∗3) ; η = 2 (β0)2 − 1
ψα =
(
ϕ,ϕ0, ϕ1, ϕ2, ϕ3
)
. (3)
In component form L is then equal to
L = −ϕ∗Dµϕµ + ϕ∗µDµϕ−m (ϕ∗ϕ+ ϕ∗µϕµ) (4)
From equation (4) one finds all the 1st stage constraints:
p =
∂L
∂
.
ϕ
= ϕ∗0, p∗ =
∂L
∂
.
ϕ
∗ = 0 (5)
p0 =
∂L
∂
.
ϕ
0 = −ϕ∗, p∗0 =
∂L
∂
.
ϕ
∗0 = 0 (6)
pi =
∂L
∂
.
ϕ
i
= 0, p∗i =
∂L
∂
.
ϕ
∗i = 0, i = 1, 2, 3. (7)
Now we construct the initial Hamiltonian H:
H =
∫
d3x
{
pa
.
ϕ
a −L
}
=
∫
d3x
{
ϕ∗∂iϕi − ϕ∗i∂iϕ+m (ϕ∗ϕ+ ϕ∗µϕµ)
+ie (ϕ∗µAµϕ− ϕ∗Aµϕµ)} (8)
Here pa = {p, p∗, p0, p∗0, pi, p∗i } and we used equations (5) to (7).
From equations (5) to (7) we get the 1st stage constraints4:
θ = p− ϕ∗0, θ∗ = p∗, θ0 = p0 + ϕ∗, θ∗0 = p∗0 (9)
4We follow terminology of the book [14].
5θi = pi, θ
∗
i = p
∗
i . (10)
Thus one can speak that the initial H is the Hamiltonian on the con-
straint surface:
H =
∫
d3x
{
pa
.
ϕ
a −L
}
θa=0
. (11)
It is easy to check that the Poisson brackets for constraints θa are
5:
{θ, θ∗0} = −1; {θ∗, θ0} = −1. (12)
All others brackets equal zero. Constraints (9) are second-class con-
straints6 as they do not disappear on the constraint surface θα = 0.
From equation (12) it follows that
rank ‖θa, θb‖ = 4. (13)
This means that if we introduce new hamiltonian off constraint surface
for definition Lagrangian multipliers λa
H
(1)
2 = H +
∫
d3xλa (x) θ
a (x) , (14)
and demanding that all constraints conserve in time
.
θ
a
=
{
θa,H
(1)
2
}
= 0, (15)
we can not define all λa, but only λ, λ
∗, λ0, λ∗0.
Six constraints from (15) give the six 2nd stage ones that are:
.
θi =
{
θi,H
(1)
2
}
= {θi,H} = −∂H
∂ϕi
= D∗i ϕ
∗ −mϕ∗i ≡ θ2i , (16)
.
θ
∗
i =
{
θ∗i ,H
(1)
2
}
= − ∂H
∂ϕ∗i
= Diϕ−mϕi ≡ θ∗2i . (17)
Including all constraints (ten 1st stage and six 2nd stage) in total system,
where now
θa =
{
θ, θ∗, θ0, θ∗0, θi, θ
∗
i , θ
2
i , θ
∗2
i
}
, (18)
we can check that
rank ‖θa, θb‖ = 16 (19)
5All variables: pa, ϕa depend on x.Therefore the r.h.s. of equation (12) is ∼ δ(x− y)
which we omited.
6For simplicity we will not use the Dirac brackets.
6and
det ‖θa, θb‖ = 1. (20)
All these constraints are second class ones. According to the general
scheme [14] we can find all λa from the conditions:
.
θa=
{
θa,H
(1)
2
}
= 0. (21)
From equations (9), (10), (14), (17), (18), and (21) one gets:
λ = mϕ0 + ieA0ϕ; λ
∗ = mϕ∗0 − ieA0ϕ∗; (22)
λ0 = − 1
m
(
DiD
iϕ+m2ϕ
)
+ieϕ0A0; λ
∗
0 = −
1
m
(
D∗iD
∗iϕ∗ +m2ϕ∗
)−ieϕ∗0A0;
(23)
λi = − 1
m
Di (mϕ0 + ieA0ϕ) ; λ
∗
i = −
1
m
D∗i (mϕ
∗
0 + ieA0ϕ
∗) . (24)
Equation (24) is a consequence of conservation of the 2nd stage con-
straints:
θ2i ≡
.
θi=
{
θi,H
(1)
2
}
= 0; θ∗2i ≡
.
θ
∗
i=
{
θi,H
(1)
2
}
. (25)
The main criterium of the correctness of the canonical or H-approach to
the L-theory is the coincidence of the Lagrangian and Hamiltonian equations
of motion.
To get H-equations of motion we must introduce solutions (22) to (24)
in equation (14) and to consider the following equations:
.
ϕ =
{
ϕ (x) ,H
(1)
2
}
=
∫
d3y {ϕ (x) , λa (y) θa (y)}
=
∫
d3yλ (y) {ϕ (x) , θ (y)} = λ (x) = mϕ0 + ieA0ϕ (26)
or
D0ϕ−mϕ0 = 0, (27)
and analogously
D∗0ϕ
∗ −mϕ∗0 = 0. (28)
Conservation of constraint θi;
.
θi=
{
θi,H
(1)
2
}
= 0; gives:
Diϕ−mϕi = 0; D∗iϕ∗ −mϕ∗i = 0. (29)
7Collecting equations (27), (28) and (29) one gives
Dµϕ−mϕµ = 0; D∗µϕ∗ −mϕ∗µ = 0. (30)
Consider
.
ϕ0 (x) =
{
ϕ0,H
(1)
2
}
=
∫
d3yλ0 (y) {ϕ0 (x) , θ0 (y)} =
= λ0 (x) = − 1
m
(
DiD
iϕ+m2ϕ
)
+ ieϕ0A
0 =
= − 1
m
Di (Diϕ+mϕi)−
(
Diϕ
i +mϕ
)
+ ieϕ0A
0 =
= − (Diϕi +mϕ)+ ieϕ0A0
being the first term equal to zero due to equation (29). Or
Dµϕ
µ +mϕ = 0. (31)
We obtain all L-equations, which follow from equation (4).
Thus we get by canonical way, from equations (30) and (31), on the
classical level, the KG equation for ϕ-field:
DµD
µϕ+mϕ = 0. (32)
Obviously, this result follows in a very simple way from component form
of L, equations (4), too.
2.2 Quantization. Generating Functional
For canonical quantization of the theory with second class constraints7 [14,
15] one chooses the new canonical variables:
ω(i) = ϕ,ω(2) = p; Ω(1) = −θ = ϕ0 − p,Ω(2) = θ0 = p0; Ω(1)i = −θ(2)i = ϕi −
Diϕ
m
,
ω
(i)
0 = ϕ,ω
(2)
0 = p; Ω
(1) = θ0 = ϕ
∗ + p0,Ω
(2)
0 = θ
∗ = p∗; Ω(2)i = −θ∗(2)i = ϕ∗i −
D∗i ϕ
∗
m
,
Ω
(1)
i = θi = pi
Ω
(1)
i = θ
∗
i = p
∗
i (33)
7Quantization of theories with the 2nd −class constraints devouted many papers, be-
ginning with classical work of Dirac [15], see also [16, 17].
8Here we have four physical variables, ω(k) and ω
(k)
0 , k = 1, 2, and six-
teen constraints Ω
(k)
a = 0, which allow to express the rest variables through
ω(k), ω
(k)
0 .
Now the rules of quantization are very simple [14, 15]:[
ˆ
ϕ (x) ,
ˆ
p (y)
]
= i {ϕ (x) , p (y)} = iδ (x− y)[
ˆ
ϕ0 (x) ,
ˆ
p0 (y)
]
= i {ϕ0 (x) , p0 (y)} = iδ (x− y)
ˆ
Ω
(k)
a = 0.

(34)
In terms of
ˆ
p,
ˆ
ϕ,
ˆ
p0,
ˆ
ϕ0 the Dirac brackets coincide with the Poisson ones.
Then we get for Heisenberg operators
ˆ
ϕ the equation (32) and for H
the same expression as in KG theory. However, for proof of equvalence of
the physical matrix elements of S-matrix for scalar particles and of many
photons GF in both theories it is more simple to start not from
ˆ
H , but from
generating functional for GF of DKP theory, wich follows from canonical
quantization,too.
For generating functional of DKP theory in component form we get
Z (J ,J ∗,Jµ,J ∗µ ) = Z−10 ∫ DϕaDpaµ (θa)
× exp
{
i
∫
d4x
(
pa
.
ϕa −H(1)2 + ϕaJ a
)}
, (35)
where
µ (θa) =⊓
a
δ (θa) (det ‖θa, θb‖)1/2 , Z0 = Z (0, 0, 0, 0) , H(1)2 = density of H(1)2 .
(36)
Taking into account equations (9), (10), (14), (16), (17), (36) and inte-
grating over all momentum pa we get
Z (J ,J ∗,Jµ,J ∗µ ) = Z−10 ⊓a
∫
Dϕa
3⊓
i=1
δ
(
Diϕ−mϕi) δ (D∗iϕ∗ −mϕ∗i)
× exp
{
i
∫
d4x (ϕ∗µDµϕ− ϕ∗Dµϕµ −m (ϕ∗ϕ+ ϕ∗µϕµ)
+J ∗ϕ+ Jϕ∗ + Jµϕ∗µ + J ∗µϕµ
)}
. (37)
9The difference between H-quantization of DKP-theory and formal L-
quantization consists in appearance in equation (37) of two functional δ-
functions, which reflect the existence of the 2nd stage constraints (16) and
(17) in H- approach to DKP theory.
After integration in equation (37) over ϕa and utilizing the δ-function
we get:
Z (J ,J ∗,Jµ,J ∗µ ) = exp{i∫ d4xd4y (mJ ∗ (x)G (x, y)J (y)
−J ∗ (x)G (x, y)DµJ µ (y)− J (x)
(
D∗µJ ∗µ (y)
)
G (x, y)
− 1
m
J µ (x)DµG (x, y)DνJ ν (y)
− 1
m
J0 (x) δ4 (x− y)J0 (y)
)
. (38)
Here
G (x, y) =
(
DµD
µ +m2
)−1
δ4 (x− y) (39)
is the GF of the scalar charged field ϕ in external EM field.
If one formally makes Jµ = J ∗µ = 0 we obtain from equation (38) the
generating functional GF in KG theory.
In the general case, as it will be shown bellow (see equation (51)), the
generating functional (38) exactly coincides with that calculated in matrix
form, where
Iα=
(J ∗,J ∗00 ,−J ∗1,−J ∗2,−J ∗3) ; Iα = (J ,J0,J 1,J 2,J 3) . (40)
We want stress that det
(
DµD
µ +m2
)−1
does not appear in equation
(38), see point 2 after equation (52).
2.3 H-approach. Matrix form
Starting from equation (1) we can define the momenta
pα =
∂L
∂
.
ψα
= i (ψ∗β0)α , p
∗
α =
∂L
∂
.
ψ
∗
α
= 0, (41)
pα =
∂L
∂
.
ψ
α
α
= 0, p∗α =
∂L
∂
.
ψ
∗
α
= 0, for α = 1, 2, 3 ≡ i. (42)
10
The initial Hamiltonian H is equal to:
H =
∫
d3x
{
pα
.
ψα + p
∗α .ψ
∗
α −L
}
=
=
∫
d3x
(
−iψβkDkψ + ψmψ − eψβ0A0ψ
)
=
∫
d3x
(
−iψβk∂kψ +mψψ − eψβµAµψ
)
, k = 1, 2, 3 (43)
This is exactly equation (8), if we write equation (43) in component
form.
Here we write down all the 1st stage and the 2st stage constraints and
Lagrangian multipliers in matrix form, omitting calculations:
- 1st stage constraints
θα = pα − i
(
ψβ0
)
α
(44)
θ∗α = p
∗
α (45)
- 2nd stage constraints
θα2 =
[(
1− (β0)2
) (
iβkD
k −m)ψ]α
θ∗α2 =
[
ψ
(
iβk
←−
D∗k +m
)(
1− (β0)2
)]α
 (46)
- Lagrangian multipliers(
β20λ
)
α
=
[
iβ0
(
iβkD
k −m
)
ψ
]
α
;
(
λ∗β20
)
α
= −
[
ψ
(
iβk
←−
D ∗k +m
)
β0
]
α
;
(47)[(
1− (β0)2
)(
m− iβkDk
)
η
]
αβ
λβ = 0,
λ∗β
[
η
(
iβk
←−
D ∗k +m
)(
1− (β0)2
)]
βα
= 0. (48)
All these λα,λ
∗
α expressed through the components coincide with the
corresponding λa in equations (22) to (24).
2.4 Quantization. Generating Functional.Matrix Form
As well as in component form in equation (35) we get, for generating func-
tional in external EM field, the following expression:
Z
(
I, I
)
= Z−10
∫
DψDψδ
((
1− (β0)2
)(
iβkD
k −m
)
ψ
)
11
×δ
(
ψ
(
iβk
←−
D∗k +m
)(
1− (β0)2
))
× exp
{
i
∫
d4x
(
ψ (iβµD
µ −m)ψ+ I ψ + ψI
)}
(49)
Introducing the auxiliary fields C and C instead functional δ− function
in equation (49) we get
Z
(
I, I
)
= Z−10
∫
DψDψDCD C × exp
{
i
∫
d4x
(
ψ (iβµD
µ −m)ψ
+ C
(
1− (β0)2
)
(iβµD
µ −m)ψ
ψ
(
iβµ
←−
D∗µ +m
)(
1− (β0)2
)
C+ I ψ + ψI
)}
, (50)
where one used that β0
(
1− (β0)2
)
= 0.
Integrating over all fields ψ, ψ, C and C we finally obtain:
Z
(
I, I
)
= exp
{
−i
∫
d4xd4yI (x) (S (x, y,A)
+
1
m
(
1− (β0)2
)
δ4 (x− y)
)
I (y)
}
, (51)
where we have introduced the total GF of DK particle in external EM field
Aµ:
S (x, y,A) = (iβµD
µ −m)−1 δ4 (x− y) (52)
One can make some important comments about expression (52).
1) If one writes down equation (52) in component form we get equation
(38).
2) When we integrate over ψ, ψ, C and C divergences appear and infinite
expression for det (iβµD
µ −m)−1. All this multipliers also arise in Z0 and
disappear from the final equation (51) .
3) Nonrelativistic invariant term ∼
(
1− (β0)2
)
in equation (51) arises
at excluding nonphysical component ψ, due to the second stage constraints
(θ2i , θ
∗2
i in equations (16) and (17)).
We will show that this term (which does not depend on charge) does not
contribute to physical matrix elements of S-matrix.(see Appendix, point 1).
4)If one generalizes equations (49) to (52) to the case of interaction of
DK particles with quantized EM fields we get the following expression for
12
generating functional for all GF of the theory (in α-gauge):
Z
(
I, I,Jµ
)
= Z−10
∫
DAµ exp
{
−i
∫
d4x
(
Tr ln
S (x, x,A)
S (x, x, 0)
− 1
4
FµνF
µν
−JµAµ − 1
2α
(∂µA
µ)2 −
∫
d4y I (x) (S (x, y,A)
+
1
m
(
1− (β0)2
)
δ4 (x− y)
)
I (y)
)}
, (53)
Here we insert in denominator and in Z0 infinit constant (detS (x, x, 0))−1.
As it is well known, the term ∼ Tr lnS (x, x,A) in equation (53) is respon-
sible for appearance of all vacuum polarizations diagrams (see Section 3).
3 Equivalence matrix elements of S-matrix for phys-
ical states in DKP and KG Theories
1) From the beginning we write down the physical operator’s solution of DK
equation for free particle; which will be needed for the proof of equivalence
of the both theories.
This solution can be written in the following form (see [4])
ψ(0)α (x) =
1
(2pi)3/2
∫
d3p
{
a− (p) e−ipxψaα (p) + b
+ (p) eipxψbα (p)
}
, (54)
ψ
(0)
α (x) =
1
(2pi)3/2
∫
d3p
{
a+ (p) eipxψ
a
α (p) + b
− (p) e−ipxψbα (p)
}
. (55)
Here
(
∧
p −m
)
ψa,b = 0; ψ
a,b
(
∧
p −m
)
= 0; p̂ ≡ βµpµ
(iβµ∂
µ −m)ψ0 (x) = 0; p0 = ω (p) = +
(
p2 +m2
)1/2
= ω
 (56)
Operators a+, a−, b+and b− satisfy to the usual commutation relations;
ψaα (p) =
√
m
2ω
(
1,− iωm ,− ip
1
m ,− ip
2
m ,− ip
3
m
)
ψbα (p) =
√
m
2ω
(
1, iωm ,+
ip1
m ,+
ip2
m ,+
ip3
m
)  (57)
13
It is easy to check the scalar products
(ψa (p) , ψa (p)) ≡ ψ∗aα (p) (β0)αβ ψaβ (p) = ψ
a
(p)β0ψ
a (p) = 1(
ψb (p) , ψb (p)
) ≡ ψ∗bα (p) (β0)αβ ψbβ (p) = ψb (p)β0ψb (p) = −1(
ψa (p) , ψb (p)
) ≡ ψa (p)β0ψb (p) = 0
 (58)
Thus, there are only two linearly independent (physical) solutions of free
DK equation.
One introduce
ψa,bp (x) = ± (2pi)−3/2 e∓ipxψa,b (p) , p0 = ω. (59)
Then, utilizing equations (54) to (58) we get
a− (p) =
∫
d3xψ∗ap (x) β0ψ
0 (x) ; b+ (p) =
∫
d3xψ∗bp (x)β0ψ
0 (x) , (60)
and a+ = (a−)∗, b− = (b+)∗.
2) Now we write the general connection between GF and matrix elements
of S-matrix for physical states in DKP theory.
By definition n-particles GF of DKP-particles without external photon’s
states equal, from equation (52), to
Gn (x1, ..., xn; y1, ..., yn) = (−1)n
δ2n lnZ
(
I, I,Jµ = 0
)
δ I (x1) ...δ I (xn) δI (y1) ...δI (yn)
∣∣∣∣∣∣
I,I=0
= 〈0|Tψ (x1) ...ψ (xn)ψ (y1) ...ψ (yn) |0〉 , (61)
where we omit nonconnected GF.
On the other hand, GF (61) can be (formally) expressed through matrix
element of S-matrix in the following way:
Gn (x1, ..., xn; y1, ..., yn) =
n⊓
i=1
∫
dx′idy
′
iS
(
xi − x′i
)
×Γn (x1, ..., xn; y1, ..., yn)S
(
y′i − yi
)
(62)
Where S (x− y) is the total one particle GF and the so-called Γn func-
tions which are equal, in momentum representation, to Sn (p1, ..., pn; q1, ..., qn),
n-particles matrix element of S-matrix for physical states on the mass-shell
Γn (p1, ..., pn; q1, ..., qn) = Sn (p1, ..., pn; q1, ..., qn)
pi0 =
(
(pi)
2 +m2
)1/2
; qi0 =
(
(qi)
2 +m2
)1/2
;
n∑
i=1
(qi − pi) = 0

(63)
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It is well known that one particle GF after renormalization has a pole
∼ (m− p̂− iε)−1 with residue equal to one and δ4 (x− y) pecularity (see
equation (51)). Thus, if we consider the following physical matrix element
A ≡ lim
n∏
i=1
pi0→((pi)2+m2)1/2
qi0→((qi)2+m2)1/2
ψ
a,b
(pi)
(−→∧
pi −m
)
Gn (p1, ..., pn; q1, ..., qn)
(←−∧
qi −m
)
ψa,b (qi) ,
(64)
and use equation (63) we get n-particle matrix element of S-matrix for
physical states on mass-shell8
A ≡ n⊓
i=1
ψαi
a,b
(pi)S
α1...αn;β1...βn (p1, ..., pn; q1, ..., qn)ψ
a,b
βi
(qi) , (65)
where: p0i =
(
(pi)
2 +m2
)1/2
and q0i =
(
(qi)
2 +m2
)1/2
.
In Appendix, point 1, we show that all terms in S (x− y) ∼ δ4 (x− y)
(
1− (β0)2
)
do not contribute to matrix elements on mass-shell .
The same situation arises if one considers matrix elements for physical
states with many photons in the presence of DKP-particles.
Thus one goes to a very important conclusion: we can start from L-
formulation of DKP-theory forgetting about constraints and to consider
instead equation (53) the following expression for generating functional:
Z
(
I, I,Jµ
)
= Z−10
∫
DψDψDAµ exp
{
−i
∫
d4x
(
ψ (iβµD
µ −m)ψ
−1
4
FµνF
µν − 1
2α
(∂µA
µ)2 + ψI+ I ψ + JµAµ
)}
(66)
and to get for physical matrix element of S-matrix the correct expression.
Expressed in another way we can use equation (91) for S-matrix with
relativistic invariant definition of T-product of operators ψ (x) and ψ (y) in
interaction representation [5, 6]:
〈0|Tψ (x)ψ (y) |0〉 = i
(2pi)4m
∫
d4xe−ipxd4p

∧
p
(
∧
p +m
)
p2 −m2 + iε − 1
 (67)
8For simplicity we do not write down symmetrized expressions for all matrix elements
due to identity of particles.
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3) We prove equality between equation (64) and corresponding matrix
element S-matrix in KG- theory.
Starting from definition (61) for GF in DKP-theory one write equation
(64) in the form (we omit non-essential multipliers)
A ≡ lim
p0→((p)2+m2)1/2
q0→((q)2+m2)1/2
∫
n⊓
i=1
∫
dxidyiψ
a
p (xi)
(
iβµ
−→
∂µi −m
)
×〈0|Tψ (x1) ...ψ (xn)ψ (y1) ...ψ (yn) |0〉
(
iβµ
←−
∂ µj −m
)
ψbq (yj) , (68)
where ψ (xj) ψ (yi) are Heisenberg operators; ψ
a
p (x) and ψ
b
q (y) are defined
by equation (59).
Utilizing equations (3) and (67) for expression of operator ψ (x) and
ψ
a
(p) in component form, consider the following term:∫
eipxd4xψ
a
(p) (iβµ∂
µ −m)ψ (x) =
=
∫
eipxd4x
[(
−m+ i
m
pµ∂µ
)
ϕ (x)− (∂µ + ipµ)ϕµ
]
(69)
As ipµe
ipx = ∂∂xµ e
ipx we can rewrite equation (69) in the form∫
eipxd4xψ
a
(p) (iβµ∂
µ −m)ψ (x) =
∫
eipxd4x
(−1)
m
(−→
 +m2
)
ϕ (x)
+
∫
d4x
∂
∂xµ
[
eipx
(
∂µ
m
ϕ− ϕµ
)]
(70)
In the appendix one shows that the second term in equation (70) is
equal to zero and thus physical matrix elements of scattering scalar charged
particles coincide in DKP and KG theories9.
Now we will prove the equality in both theories of many photons GF.
It is easy to show that generating functional of GF in KG theory has the
form:
Z (J ∗,J ,Jµ) = Z−10
∫
DAµ exp
{
−i
∫
d4xTr
(
ln
G (x, x,A)
G (x, x, 0)
− 1
4
FµνF
µν
− 1
2α
(∂µA
µ)2 + JµAµ
−
∫
d4yJ ∗ (x)G (x, y,A)J (y)
)}
, (71)
9The case of scattering charged particles by external EM field is a particular one and
the equivalence of the both theories follows the general formula (97) in Appendix.
16
where GF G (x, y,A) is defined in equation (39).
To get the generating functional of GF only for photons we have to put
J ∗ = J = 0 in equation (71) and I =I= 0 in equation (53). Equality of
these equations will be established if we prove that
ZA ≡ det S (x, y,A)
S (x, y, 0)
= expTr ln
S (x, x,A)
S (x, x, 0)
= det
G (x, y,A)
G (x, y, 0)
. (72)
On the other hand
ZA = Z−10
∫
DψDψ exp
{
i
∫
d4xψ
(
i
∧
D −m
)
ψ
}
, (73)
where
Z0 =
∫
DψDψ exp
{
i
∫
d4xψ
(
i
∧
∂ −m
)
ψ
}
. (74)
In component form expression (73) equals to:
ZA = Z−10
∫
DϕDϕ∗DϕµDϕ∗µ exp
{
i
∫
d4x(ϕ∗µDµϕ− ϕ∗Dµϕµ
−m (ϕ∗ϕ+ ϕ∗µϕµ))} ,
After integration over ϕ∗µ and ϕ
µ we get
ZA = Z˜−10
∫
DϕDϕ∗ exp
{
− i
m
∫
d4xϕ∗
(
DµDµ +m
2
)
ϕ
}
, (75)
where now
Z˜−10 =
∫
DϕDϕ∗ exp
{
− i
m
∫
d4xϕ∗
(
∂µ∂µ +m
2
)
ϕ
}
. (76)
Doing substitution the ϕ√
m
→ ϕ we see that the determinant (75) is
equal to the right hand side of equation (72).
The equivalence was proved.
4 Reduction formulas in DKP formalism and e-
quivalence with the KG Theory
One writes down Yang-Feldman equations for Heisenberg operators in DKP
formalism.
ψ (x) = ψin (x) +
∫
SR (x− y) j (y) d4y (77)
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ψ (x) = ψout (x) +
∫
SA (x− y) j (y) d4y (78)
Here ψin (x) and ψout (x) satisfy the free DKP equation:
(iβµ∂
µ −m)ψin,out (x) = 0 (79)
SR,A are the retarded and advanced GF of the free equation
(iβµ∂
µ −m)SR,A (x) = δ4 (x) , (80)
SR,A (x) =
1
(2pi)4m
∫
e−ipx

∧
p
(
∧
p +m
)
p2 −m2 ± iεp0 − 1
 . (81)
SR,A is not equal to zero in up and down light cones. From equations
(77) to (81) we obtain:
(iβµ∂
µ −m)ψ (x) = j (x) . (82)
Choosing for ψin,out (ψin,out) two linearly independent solutions (54) and
(55) we can write (we omit index x and equation for ψin,out)
ψin,out =
1
(2pi)3/2
∫
d3p
{
a−in,out (p) e
−ipxψa (p) + b+in,out (p) e
ipxψb (p)
}
(83)
Analagously we can use equations (59) and (60) to express a±in,out (p)
and b±in,out (p) through the scalar product
a−in,out (p) =
∫
d3xψ∗a (x)β0ψin,out (x) , (84)
and so on. By definition
a±out = S
†a±inS. (85)
We also can define Hisenberg operators of creation and annihilation
a− (p, x0) =
∫
d3xψ∗a (x) β0ψ (x) , (86)
b+ (p, x0) =
∫
d3xψ∗b (x) β0ψ (x) , (87)
and others; where ψ (x) is the solution of equation (82).
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Now it is possible to prove [13], starting from equations (77), (78), (86)
and (87), that operators a± (p, x0) and b± (p, x0) have the limits (in weak
sense) for any matrix elements over total system physical states, |nin〉 |mout〉,
lim
x0→±∞
〈mout| a± (p, x0) |nin〉 = 〈mout| a±out,in |nin〉 , (88)
and analogously for b± (p, x0).
For simplicity we carry out the proof of equivalence for matrix elements
of scattering scalar particle (with positive charge from arbitrary initial state
|nin〉 to final one 〈mout|. Using equation (88) we have
〈mout| a−out (q) a+in (p) |nin〉 = 〈mout| a−inSa+in |nin〉 =
= lim
x0→−∞
〈mout| a−out (q)
∫
d−→x ψ∗a (x)β0ψ (x) |nin〉
= 〈mout| a−out (q) (−i)
∫
d−→x dx0i ∂
∂x0
(
ψ
a
(x)β0ψ (x)
)
|nin〉
=
1
i (2pi)3/2
∫
d4xeipxψ
a
α (p)
(
iβµ
−→
∂
x
µ −m
)
αβ
〈mout| a−out (q)ψβ (x) |nin〉
= − 1
(2pi)3
∫
d4xd4yeipxψ
a
α (p)
(
iβµ
−→
∂
x
µ −m
)
αβ
〈mout|T (ψα (x)ψβ (y)) |nin〉
×
(
iβµ
←−
∂
y
µ
+m
)
δγ
ψbγ (q) e
−ipy ≡ 〈mout,q|p, nin〉 (89)
If we utilize the LSZ method for all particles states in |nin〉 and 〈mout|
we get the equation (68).
Further, the proof of equivalence between DKP and KG goes in the same
way as in the end of Section 3 (see equations (70) to (75) and Appendix).
5 Conclusions
1) Starting from canonical approach to DKP theory interacting with quan-
tized EM field and constructing the generating functional for GF of the the-
ory we strictly proved total equivalence between physical matrix elements of
S-matrix in DKP and KG theories and between many photons GF in both
theories.
The proof of equivalence between both theories have been carried out
utilizing the more general approach of Lehmann, Symanzik and Zimmer-
mann by reduction formalism.
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We also proved the equivalence of the both theories, starting from La-
grangian approach to generating functional in DKP theory(see equation
(66)) and forgetting about constraints.
2) In principle, the DKP as well as KG theories are nonrenormalizable
ones even for scalar particles due to the logarithmical divergence of one loop
diagrams of scattering two particles with exchange of two photons [5].
As it is well known that KG theory becomes renormalizable if we intro-
duce a self interaction term ∼ λ (ϕ∗ϕ)2. This problem can be solved in DKP
theory in the same way: it is necessary to add to L in equation (1) terms
λ
(
ψPψ
)2
= λ (ϕ∗ϕ)2 , (90)
where P =⊓
µ
(βµ)
2 is the projector on the scalar part of ψ-function; P is
pseudoscalar .
3) In the framework the same method (sections 3,4) formally it is possible
to prove equivalence between DKP and Proca equation for spin one particles,
distructing from nonrenormalizability of these theories.
4) We would like to stress that DKP theory until now did not find wilder
application although this theory has some advantages just due to the de-
genaration of βµ matrices (one very simple to calculate trace that of) and
due to minimal character of interaction with EM fields. One compares ex-
pressions for S-matrix in both theories:
SDKP = T exp
{
i
∫
eψβµA
µψd4x
}
(91)
SKG = T exp
{
i
∫
ie (ϕ∗∂µϕ− ∂µϕ∗ϕ− eϕ∗Aµϕ)Aµd4x
}
(92)
In the last case the interaction contains proportional terms to e and e2 .
Due to this in higher (two and more loops) approximations combinatorial
coefficients given to order e2 before having a complicated form.
5) About equivalence of DKP and KG for descripition of unstable par-
ticles we would like to note that if we can apply conception of asymptotic
states to some such particle and utilize for physical matrix elements of S-
matrix the same method which have been used in Sections 3 and 4, then
the proof of equivalence is obvious: for instance, for decay of Kl −mesons
we can calculate the imaginary part of the GF of Kl− meson and get
equivalence with exactness redefining the ϕ component of DKP ψ function:
iϕKG = ϕDKP/m, see equation (70).
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6 Appendix
1) One proves that all terms ∼
(
1− (β0)2
)
δ4 (x− y) in GF of scalar parti-
cles, equation (53), do not contribute to physical matrix elements (see phrase
after equation (65)). First, consider the simplest case: GF in external EM
field Aµ, which is equal
i 〈0|Tψ (x)ψ (y) |0〉 = S (x, y,A) + 1
m
(
1− (β0)2
)
δ4 (x− y) , (93)
where S (x, y,A) = (iβµD
µ −m)−1 δ4 (x− y).
By definition, matrix elements of scattering particles with positive charge
by external EM field is:
lim
p0→
√
(p)2+m2
q0→
√
(q)2+m2
(−1)
(2pi)3
∫
d4xd4yψ
a
p (x)
(
iβµ
−→
∂
x
µ −m
)
× 〈0|ψα (x)ψβ (y) |0〉
(
iβµ
←−
∂
y
µ
+m
)
ψbq (y) (94)
Inserting equation (93) in equation (94) we see that the term ∼ δ4 (x− y)
does not contribute to result since, by definition, δ− function we must change
directions of arrows on the inverse and get zero:
ψ
a
p (x)
(
iβµ
←−
∂
x
µ
+m
)
= 0,
(
iβµ
−→
∂
y
µ −m
)
ψbq (y) = 0 (95)
In the case of quantized EM field we have to start from equation (53).
So far as external photons do not influence on the appearance of terms
∼ δ4 (x− y) it is enough to consider the case Jµ = 01 in equation (93).
Thus any GF of scalar particles expressed through symmetrized product
of one particle GF (93) under integral over Aµ in equation (71)
〈0|Tψ (x1) ...ψ (xn)ψ (y1) ...ψ (yn) |0〉 =
= Z−10
∫
DAµ exp
{
−i
∫
d4x
(
det ln
S (x, x,A)
S (x, x, 0)
−1
4
FµνF
µν − 1
2α
(∂µA
µ)2
)}
×
∑
pi,j
n⊓
i,j=1
(
S (xi, yj , A)− 1
m
(
1− (β0)2
)
δ4 (xi − yj)
) , (96)
1This case is considered in equations (71) to (76).
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where
∑
pi,j
means summation over all permutations xi or yj.
All δ4 (xi − yj) we can wear out from sign of
∫ DAµ .
After transition to matrix elements of S-matrix we can apply to these
terms the same procedure which we used for equation (94) and get zero.
Thus we proved that terms ∼
(
1− (β0)2
)
δ4 (xi − yj) do not contribute
to physical matrix elements of S-matrix and do not violate relativistic in-
variance and microcausality for physical observable values.
2) Proof that the last term under total derivative in equation (70) which
can contain quasilocal one is equal zero.
One writes down all terms for matrix element (89) in component form,
utilizing equation (70) we get2
〈mout,q| p, nin〉 ∼=
∫
d4xd4y 〈mout| exp {i (px− qy)}
(
x +m
2
) (
y +m
2
)
×T (ϕ (x)ϕ∗ (y))− ∂
xµ
[
eipx
(
y +m
2
)
(
∂
x
µ
m
T (ϕ (x)ϕ (y))− T (ϕµ (x)ϕ∗ (y))
)]
e−iqy
+ ∂
y µ
[
e−iqy
(
x +m
2
)
∂y µ
m
T (ϕ (x)ϕ∗ (y))− T (ϕ (x)ϕ∗µ (y))
 eipx
+ ∂
xµ
∂
y ν
[
eipx−iqy (T (ϕµ (x)ϕ∗ν (y))
−
∂
x
µ∂
y
ν
m2
T (ϕ (x)ϕ∗ (y))−
∂
x
µ
m
T (ϕ (x)ϕ∗ν (y))
∂
y
ν
m
T (ϕµ (x)ϕ∗ν (y))
 |−→p , nin〉 (97)
The quasilocal term containing δ4 (x− y) arises only from the seventh
one:
∂
x
µ
∂
y
ν T (ϕ (x)ϕ∗ (y)) = T (∂µϕ (x) ∂νϕ∗ (y))− ig0µg0νδ4 (x− y) .
2No essential multipliers are omitted
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Here we used that δ4 (x0 − y0) [ϕ (x) , ϕ∗ (y)] = −iδ4 (x− y). Thus,∫
d4xd4y ∂
x
µ
∂
y
ν
eipx−iqy ∂xµ∂y ν
m2
T (ϕ (x)ϕ∗ (y))
 =
= − i
m2
(2pi)3 δ (p− q)
∫
dx0dy0 ∂
x0
∂
y 0
(exp (ip0x0 − iq0y0) δ (x0 − y0)) = 0.
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